MAS317 Linear Algebra II, 2007

Solutions to Coursework 9.

1.a.U+WDUso (U+W):tCU+andU +W D W so
(U+W)tCWhso(U+W)tCUtNW, [4 marks]

Nowifr € Ut NnWhandy € U+ W, theny = u+w withu € U and
w € W, then f(z,u) =0asz € Ut and f(z,w) =0asz € W+, and
so f(z,y) = f(z,u+w) = f(x,u,) + f(x,w) =0+ 0= 0. Hence

r € (U+ W)t SoUrNnW+ C (U+ W)t, and so they are equal.

[6 marks]
b). (UNW) CUandso (UNW)+ 2D Utand (UNW) C W and so
UNW)t DWWt andso (UNW)L D UL + W, [5 marks]

¢). Given f on R? by f((z1,x2), (y1,y2) = T1y1 -
Let U = ((1,0)) and W = ((1,1)).
One example: Then U N W = {0} and so (U N W)+ = R?,

But (z1,25) € UL if f((21,22),(1,0)) = 0and so if z; = 0, and
(z1,29) € WHif f((21,22),(1,1)) =0and soif 2y =0.  [10 marks]

So U+ =W+ ={((0,1)),and so U+ + W+ = ((0,1)) # (UNW)*.

2. f((xh T2, $37$4)7 (ylu Y2, Ys, y4)) = T1Y2 + T2Y3 + T3Ys.

(i) Let u = (x1, 29, 3, 24) € F*, thenu € V4 iff u L {ey, €9, €3, ¢4} iff
Flu,e)) =0fori=1,2,3,4.iff 0= 0,2, = 0, 22 = 0 and 3 = 0. So
VE={(0,0,0,24) | 74 € F}. [5 marks]

(i) Let u = (21, 9, 23, 74) € F*, then u € U™ iff

w1 {(1,0,0,0),(0,0,1,1)} iff 0 = 0 and x5 + 23 = 0. So

Ut = {(z1, 9, — 2o, 14) | 21, 22,24 € F}. [5 marks]
U+ has basis e, e; — e3, ¢4, 50 if u = (71, T2, 73, 24) € F*, then

ue (UHLtiffu L {e;,eo—e3,e4}iff 0 = 0and x; — x5 = 0 and z3 = 0.
So (UY)* = {(x1,21,0,24) | 21,74 € F}. [5 marks]
(U+)* has basis e; + e, €4, 50 if u = (21, 79, 73, 74) € F*, then

ue (UHH)Liffu L {e; +eq,e4} iff 1 = 0and x3 = 0.

So (UH)1)t = {(0,22,0,24) | w2, 24 € F}. [5 marks]



((UL)L)L has basis ey, €4, 50 if u = (11, 2o, 73, 74) € F*, then
u € (((UJ‘)J'>J_)J‘ iff u L {62, 64} iff z1 =0 and T3 = 0.
So ((U4)H) 1)+ = ((UH)*H)™

So the sequence of subspaces U+, (U4)+, (U+)1)4, ... is:

<€1a €y — €3, €4>7 <€1 + e, €4>7 <€27 64)7 <627 64>7 <€27 64)7 .... [5marks]
1 2 =2
. A= 2 3 —1],and define the bilinear form f on R® by
-2 -1 =5

f(u,v) = uAv? for all u,v € R3.

f is symmetric as A is symmetric so use (8.9). Normal form is a
diagonal matrix N with diagonal entries each 1, —1, or 0 as this is

over R. [5 marks]
First find vy s.t. f(vy,v1) # 0. There is lots of choice here; eg could take
vy =e1 = (1,0,0) as f(er,e1) = (A)1; = 1. [5 marks]

Now v, and v3 must be orthogonal to e; so find (e;)*. [Note: As A is
symmetric, so you can do the calculation with e, on the right or the left.]

(1, 29, x3) L ey iff (21, 9, x3)Ae; = 0iff 2y + 229 — 223 = 0.

So v, must be a solution to this and have f(vq, v5) # 0 if this is
possible; do this by trial and error, choose a vector and find f(vq, v2).
There is lots of choice here; eg could take v, = (—2,1,0), then

flvg,v9) = (=2,1,0)A(—=2,1,0) = (=2,1,0)(0, —1,3)T = —1.

[5 marks]
Now v3 must be orthogonal to e; and to (-2, 1,0), so if
Vg = (ZL‘h X9, 1’3) then T1+ 219 — 2[[‘3 = 0and (ZEh T, $3)A<—2, ]_, O) =0
SO 1 + 229 — 23 = 0 and —x9 + 3x3 = 0. So put u = (—4,3,1). Now

Flu,u) = (—4,3,1)A(=4,3,1) = (—4,3,1)(0,0,0)" =0.  [5 marks]

Now v1, v, v3 are an orthogonal basis for R?, as these vectors are
orthogonal to each other. and so the normal form for A is [2 marks]

1 0 0
N=|0 —1 0]. P has the basis vectors as its columns so
0O 0 0



1 -2 —4
P=10 1 3 [3 marks]
0 0 1
0 3 6 3
. -3 0 1 3 . - 4
(i)A=1|_ 6 -1 0 0l and define the bilinear form f on R* by
-3 -3 00

f(u,v) = uAv? for all u,v € R*.

f is alternating as A is alternating (and normal form is Alt(4,2) as A
clearly has row rank > 2). We use (8.11).

We want uy, up such that f(uy,us) # 0. There is lots of choice here; eg
Uy = €1 and U9 = €9 aS f(@l, 62) = (A)lg =3.

Put v; = (1/3)e; and vy = e, and the matrix of the restriction of f to

(v1, v2) has matrix (_01 é) [8 marks]

Now v3 and v, must be orthogonal to (1/3)e; and to e,.

(w1, 22, T3, 24) is orthogonal to (1/3)e; and to e,. iff

([Eh To, T3, ZE4)A(1/3>61 = 0and (l’l, T2, T3, 1’4)1462 = 0. iff

Ty + 223 + x4 = 0and —3x; + 23 + 324 = 0.

We need two linearly independent solutions for v and v,. There is
lots of choice here; eg let us = (1, —6,3,0) and uy = (1, —1,0,1). Then
f(u?n U4) = (17 _67 37 O)A(lv _17 Ov 1)T = (17 _67 37 O)(07 07 _57 O)T -
—15.

So put vz = (—1/15)us and vy = w4 (need to multiply one of them by

(-1/15)). [12 marks]
Then N = Alt(4,2) and
P has the basis vectors vy, . . ., v4 as its columns so

1/3 0 —1/15 1
0 1 2/5 -1
0 0 —1/5 0
00 0 1

P = [5 marks]



